VANISHING OF COHOMOLOGY 
OVER COHEN MACAULAY RINGS 

LARS WINTHER CHRISTENSEN AND HENRIK HOLM 

Abstract. A 2003 counterexample to a conjecture of Auslander brought at- 
tention to a family of rings — colloquially called AC rings — that satisfy a nat- 
ural condition on vanishing of cohomology. Several results attest to the re- 
markable homological properties of AC rings, but their definition is barely 
operational, and it remains unknown if they form a class that is closed under 
typical constructions in ring theory. In this paper, we study transfer of the AC 
property along local homomorphisms of Cohen-Macaulay rings. In particular, 
we show that the AC property is preserved by standard procedures in local 
algebra. Our results also yield new examples of Cohen— Macaulay AC rings. 



Introduction 

Vanishing of Ext groups and functors play a crucial role in the study of rings and 
their modules. For a fixed module M, vanishing of Ext"(M, N) for all modules N 
and integers n ^ says that M has finite projective dimension, in which case the 
functors Ext"(M, — ) vanish for all n > proj.dim(M). Finiteness of proj.dim^(M) 
for all finitely generated i?-modules is a lot to ask from a ring — in the noetherian 
case it means that R is regular. Auslander conjectured that for every finitely 
generated module M , also those of infinite projective dimension, there would be a 
sort of an upper bound for non- vanishing of the groups Ext"(A'/, iV); see [1] ch. V]. 
The exact conjecture is that every Artin algebra R satisfies the following: 

(ac) For every finitely generated _R-module M there exists an integer 6m ^ such 
that for every finitely generated _R-moduIe A'' one has: Ext^ (i\f. A'') = for n ^ 
implies Ext u{M,N) = for n > &Af. 

An integer 6m with this property is called an Auslander bound for M; the least 
such bound may be perceived as a "latent projective dimension" of AI. 

An example, discovered by Jorgensen and §ega [TT, disproved Auslander's con- 
jecture. However, several classes of rings do satisfy Auslander's condition (ac), 
and remarkable homological properties that flow from (ac) have been uncovered, 
for example, in work of Huneke and Jorgensen [M]; see also |10) . 

The counterexample in [17j is a commutative Gorenstein local ring, which is a 
finite dimensional algebra, and even Koszul. Nevertheless, the condition (ac) is 
satisfied by all commutative local rings that are complete intersection or Golod, 
and that is striking: with regard to homological characteristics these two classes of 
rings usually belong on opposite sides of the spectrum. 
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Among commutative noetherian local rings, those that satisfy (ac) are emerging 
as a family with intriguing homological properties, albeit one whose position relative 
to the traditional classes of rings is not easily described. In this paper, we give new 
examples — explicit and abstract — of Cohen-Macaulay local rings that satisfy (ac). 

^ ^ ^ 

From this point on, all rings considered are commutative, noetherian, and local. 
In particular, (R, m) is such a ring, and R denotes its m-adic completion. 

Most Cohen-Macaulay rings of finite CM type are Golod and, therefore, known 
from [17|, prop. 1.4] to satisfy even a uniform version of Auslander's condition: 

(UAC) There exists an integer 6^0 such that for all finitely generated ii-modules 
M and one has: Ext^(M, iV) = forn > impUes Ext^(M, iV) = forn > b. 

In Section [1] we show by a direct argument that every Cohen-Macaulay ring of 
finite CM type satisfies (uAC). 

An explicit collection of new examples of rings that satisfy (uAC) is constructed 
via results about preservation of the (ac) and (uAC) properties under standard 
operations in local algebra — such as completion and reduction modulo regular ele- 
ments. These results were advertised in |10| rmk. 5.7]; they are proved in Section[2l 
and the examples follow in Section [3l 

The canonical maps i? i? and R —f> R/{x), where a; is a regular element, are 
archetypes of local homomorphisms of finite fiat dimension; they are even c.i. homo- 
morphisms in the sense of Avramov 21 ■ A classical chapter of local algebra studies 
transfer of ring theoretic properties along local homomorphisms. In Section 0] we 
add to it as we prove, essentially, that the (ac) and (uAC) properties descend along 
homomorphisms of finite fiat dimension and ascend along c.i. homomorphisms. 

1. Maximal Cohen-Macaulay modules 

For a finitely generated -R-module M, the nth syzygy in its minimal free resolu- 
tion is denoted syz^(Af). For i > n ^ there are isomorphisms: 

(1.0.1) Ext^^-"(syz^(M),iV) - Ext'«(M, A^). 

Let R be Cohen-Macaulay of dimension d. A finitely generated i?-modulc M is 
called maximal Cohen-Macaulay, abbreviated MCM, if the equality depth M — d 
holds. Every dth syzygy of a finitely generated _R-module is either or an MCM mo- 
dule, and every syzygy of an MCM module is an MCM module; see [THl prop. (1.16) 
and (1.3)]. These facts together with the theory of MCM approximations, which is 
due to Auslander and Buchweitz [2], are central to this section. 

1.1 Remark. Let R be Cohen-Macaulay of dimension d. Dimension shifting 
(jl.O.ip shows that R satisfies (ac) if and only if every MCM i?-module has an 
Auslander bound. Every MCM module is a (finite) direct sum of indecomposable 
MCM modules, so R satisfies (ac) if and only if every indecomposable MCM R- 
module has an Auslander bound. In particular, R satisfies (uAC) if and only if the 
indecomposable MCM i?-modules have a common Auslander bound. 

A Cohen-Macaulay ring R is said to be of finite CM type if there are only finitely 
many indecomposable MCM i?-modules, up to isomorphism. 

1.2 Theorem. A Cohen-Macaulay local ring of Gnite CM type satisfies (uAC). 
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Proof. Let R be Cohen-Macaulay of finite CM type. By Remark II. f I it suffices 
to prove that each of the finitely many indecomposable MCM i?-modules has an 
Auslander bound. For an MCM i?-module X, let n{X) be the number of distinct, up 
to isomorphism, indecomposable MCM i?-modules that occur as direct summands 
of any one of the syzygies syzf (X), for i ^ Q. 

Let M be an indecomposable MCM i?-module. If n{M) is 1, then M is either 
free of rank 1 or a direct summand of every syzygy module syzf (M) for i ^ 0, 
whence it has Auslander bound 0; cf. (II. 0.11) . Let t ^ 1 and assume that every 
MCM i?-module X with n{X) ^ t has an Auslander bound. Assume n{M) = t + 1. 
If M occurs as a direct summand of one of its syzygies, say, syzp(M) for some 
Z ^ 1, then — by uniqueness of minimal free resolutions — M occurs as a summand of 
infinitely many syzygies, namely syzj^{M) for all to G N; whence M has Auslander 
bound 0. If M does not occur as a direct summand of syzf (Af) for any i ^ 1, then 
one has n(syzf (M)) ^ t. By the induction hypothesis, syzf (Af ) has an Auslander 
bound, whence M has one, again by dimension shifting p.O.ip . □ 

The embedding dimension of R, edim R, is the minimal number of generators of 
its maximal ideal, and the codimension is the difference codimi? — edim i? — dim i?. 
The multiplicity e{R) of a Cohen-Macaulay ring is at least codimi?+ 1; if equality 
holds, then R is said to have minimal multiplicity. 

1.3 Remark. Eisenbud and Herzog [11] raise the question whether every complete 
Cohen-Macaulay ring of finite CM type and dimension at least 2 has minimal mul- 
tiplicity. Cohen-Macaulay rings of minimal multiplicity are Golod, see Avramov [31 
prop. 5.2.4], and satisfy (UAC) for a strong reason, see [TTj prop. 1.4]. 

1.4 Observation. Let R be Cohen-Macaulay and assume that it has a dualizing 
module. By ^2) thm. A], every finitely generated i?- module N has a maximal Cohen- 
Macaulay approximation; an exact sequence of finitely generated i?-modules, 

— > I — >Y — > N — >0, 

where Y is MCM, and / is of finite injective dimension. If X is an MCM module, 
then one has Ext^(A', /) = for n ^ 1; see Yoshino [18, cor. (1.13)] and [2 cor. 6.4]. 
Thus, for all n ^ I there are isomorphisms 

Ext^(X, Y) ^ Ext'^iX, N). 

From (jl.O.ip and the displays above, it is not hard to see that it suffices to verify 
the conditions (ac) and (uAC) on MCM modules. That is, R satisfies (ac) if and 
only if it satisfies: 

For every MCM _R-module X there exists bx ^ such that for every MCM R- 
module Y one has: Ext^(X, K) = for n > implies Ext^(X, F) = for n > &x. 

And R satisfies (uAC) if and only if it satisfies: 

There exists an integer b ^ such that for all MCM 7?-modules X and Y one has: 
Ext^(X, y) = for n > implies Ext^(X, F) = for n > b. 

2. Completion and reduction modulo regular sequences 

Let R be Cohen-Macaulay; we can now show that R and R satisfy (ac) simul- 
taneously and — in a generahzation of [HI prop. 3.3.(1)] — that R and R/{x) satisfy 
(ac) simultaneously, if a; is a regular element. 
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2.1 Lemma. Let x be a regular element in R. If R satisfies (ac/uac), then R/{x) 
satisfies (ac/uac). 

Proof. Let M and N be finitely generated i?/(a;)-modules. The change of rings 
spectral sequence [3 XVI. §5. (2)3] 

E^^' = Ext^/(^)(Torf Af), N) ^ Ext^+'(M, N) 

has zero differentials on the second and all subsequent pages. For each n ^ it 
follows from 8, prop. 5.5] that there is an exact sequence 

^ Ext^;!^) (Af, N) ^ Ext'^(Af, N) ^ Ext^/j,) (M, N) ^ 0. 

If b is an Auslander bound for M as an i?-module, then it follows that max{0, b — 1} 
is an Auslander bound for M as an i?/(2:)-niodule. □ 

A slightly different argument for the result above appeared in the proof of fT4j 
prop. 3.2.(1)]; the converse for Cohen-Macaulay local rings is established in 12.41 

The remaining proofs in this section use computations in the derived category 
over i?; first we recall some notation. A complex of i?-modules is graded cohomo- 
logically, 

M = > M"-i Af" ^ Af"+i • • • . 

The suspension of M is the complex ZA/ with (ZAf)" — A/"+^ and d^f^ = —djyj. 
The nth cohomology module of M is denoted H"Af. Isomorphisms in the derived 
category over R are marked by the symbol ~; they induce isomorphisms at the 
level of homology. We use the standard notation, RHomi{(— , — ) and — (8)^ — , for 
the right derived Hom functor and the left derived tensor product functor. For all 
i?-modules M and N and all integers n there are isomorphisms 

Ext^(Af, N) = H"RHomA(M, N) and Tor^(A/, N) = H-"(Af N). 

In the next work-hose lemma, the ring S need not be local. 

2.2 Lemma. Let {R,m) be Cohen-Macaulay and assume that it has a dualizing 
module. Let S be an R-algebra of finite flat dimension and with S/mS 7^ 0. If S 
satisfies (ac/uac), then R satisfies (ac/uac). 

Proof. By Observation 11.41 it suffices to consider cohomology of MCM _R- modules. 
For such modules X and Y there are isomorphisms in the derived category over i?, 

RHomflXX, y) (g)^^ 5 ~ RHoms(A: (g,^ S, Y ®^ S) 
^ RHoms(X (g)R S, Y(g)RS). 

The first isomorphism is tensor evaluation, see Avramov and Foxby [6j lem. 4.4. (F)], 
and adjointness of Hom and tensor. The second isomorphism follows as one has 
Tor^{X,S) = = Tor^(r,5') for n ^ 1; see thm. (3.4)]. These isomorphisms 
and the assumption S/mS ^ yield: 

sup{ n I Ext'^(X, y) 7^ } = sup{ n \ Ext5(X ®r S,Y ®B.S)i^Q }; 

see Foxby lem. 2.1.(2)]. Thus, if h is an Auslander bound for the S-module 
AT ®H 5*, then h is also an Auslander bound for the i?-module X. □ 
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2.3 Theorem. Let {R,m) be Cohen-Macaulay. Any one of the local rings 

R, R, RiXl and R[X]^^^x) 
satisRes (ac/uac) if and only if they all satisfy (ac/uac). 

Proof. The rings R, R, R^X}, and R[X](^m x) are all local and Cohen-Macaulay. 

We first argue that R and R satisfy (ac/uac) simultaneously. If R satisfies 
(ac/uac), then so does R by [lOj prop. 5.5], as i? is a faithfully flat /^-algebra. 
For the converse, assume that R satisfies (ac/uac), and let a; = Xi,...,Xd be 
a maximal i?-regular sequence; its image in i? is a maximal i?-regular sequence. 
There is an isomorphism of rings R/{x) = R/{x), and this ring is (ac/uac) by 
Lemma [2Tl As R has a dualizing module, it satisfies (ac/uac) by Lemma [2T2l 

If RlXj or R[X](^m,x) satisfies (ac/uac), then so does R by Lemma I^TTl For 
the converse, assume that R and, therefore, R satisfies (ac/uac). The local ring 
which is Cohen-Macaulay and has a dualizing module, satisfies (ac/uac) 
by Lemma [22] applied to the surjection R. The isomorphisms 

Rm^,x) = Rixj - Rpq 

and the assertion established in the first part of the proof now show that and 
R[X](m,x) satisfy (ac/uac). □ 

2.4 Corollary. Let R be Cohen-Macaulay and x — xi,. .. ,Xn be an R-regular 
sequence. The ring R/{x) satisfies (ac/uac) if and only if R satisfies (ac/uac). 

Proof. The "if" part is immediate from Lemma 12.11 For the converse, assume 
that R/{x) satisfies (ac/uac). It is a Cohen-Macaulay ring, so by Theorem 12.31 
the completion R/{x) = R/{x) satisfies (ac/uac). As the image of x in i? is a 
regular sequence, the ring R satisfies (ac/uac) by Lemma [2.2[ and then another 
application of 12. 31 shows that R satisfies (ac/uac). □ 

A Cohen-Macaulay ring reduces modulo a regular sequence to an artinian ring, 
and by Corollarv 12.41 the two rings satisfy (ac/uac) simultaneously. In a clear 
analogy, the conditions (ac) and (UAC) can be verified on modules of finite length: 

2.5 Proposition. Let R be Cohen-Macaulay. It satisfies (ac) if and only if it 
satisfies the condition: 

For every R-module K of finite length there exists an integer 6jf ^ such that 
for every R-module L of finite length one has: F,xt^{K,L) = for n 3> implies 
ExtS.(A',L) =0 forn>bK. 

Furthermore, R satisfies (uAC) if and only if it satisfies the condition: 

There exists an integer 6^0 such that for all R-modules K and L of hnite length 
one has: Ext^(A', L) = forn » implies Ext^(iC, L) = for n > b. 

Proof. Assume that R satisfies (ac/uac) for modules of finite length. For R- 
modules K and L of finite length and integers n ^ there are isomorphisms 

Ext|(i^, L) = Ext|(^ ®R K, L) = Ext'^(i^, L). 

As i?-modules, K and L also have finite length; hence it follows that R satisfies 
(ac/uac) for modules of finite length. In view of Theorem l2.3l we can now assume 
that R is complete and, in particular, that it has a dualizing module. 
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By Observation 11.41 it is sufficient to prove that R satisfies (ac/uac) for MCM 
modules. Let X and Y be MCM i?-modules, and let x = xi, . . . , Xrf be a maximal 
i?-regular sequence. As x is regular on X and Y ^ there are isomorphisms 

(1) X/xX X ®\RI{x) and Y/xY c^Y ®\R/{x) 

in the derived category over R. Nakayama's lemma, see |12[ lem. 2.1.(2)], yields 
the first equality below, while the second follows from [Sj lem. 4.4. (F)] and ([1]). 

sup{ n I H"RHomH(X, Y)t^Q} 

(2) = sup{ n I H"(RHomfl(X, Y) ®\ R/{x)) 7^ } 
= sup{ n I H"RHomi?,(X, Y/xY) ^ }. 

From ([1]) and adjointness of Hom and tensor one gets 

(3) RHom7?,(X/xX, Y/xY) ~ RHomij(X, RHomi?(i?/(x), F/xF)). 

The Koszul complex on x is a free resolution of i?/(x), so there is an isomorphism 

(4) Z^RHomjj(i?/(x), -) - ®\ R/{x). 

The next equalities follow from ([2]) and Nakayama's lemma, from [6] lem. 4.4. (F)] 
and (dl, and from ([3]), respectively. 

sup{ n I H"RHomK(X, Y) ^ Q) 

= sup{ n I H"(RHomj^(X, Y/xY) ®\ R/{x)) =^ } 

= sup{n I H"RHomi?(X, Y.'^miomR{R/ {x),Y /xY)) ^Q} 

= sup{ n I H"RHom;^(X/xX, Y/xY) ^0}-d. 

That is, one has 

sup{ n I Ext^(X, r) ^ } = sup{ n \ Ext^(X/xX, Y/xY) ^0}-d. 

As the i?- modules X/xX and y/xF have finite length, a straightforward argument 
finishes the proof, cf. proof of Lemma [521 D 

3. An example 

One can construct new examples of Cohen-Macaulay local rings that satisfy 
(ac/uac) from existing ones through the process of adjoining power series variables 
and killing regular elements. To get examples not covered in the literature, see the 
list tip, A.l], the new ring R should not be Golod or complete intersection (c.i.); 
and if R is Gorenstein, then its codimension, codimi?, should be at least 5, and its 
multiplicity, e(i?), should be at least codimi? + 3. Furthermore, R should not be 
of finite CM type, cf. Theorem 

3.1 Proposition. Let Q be a Cohen-Macaulay local ring and assume that it sat- 
isfies (ac/uac). For integers d,n ^ 1 and Si ^ 2, the local ring 

i? = giAi, . . . . . . ,y„i/(y/s . . . ,y„^") 

is Cohen-Macaulay with codimi? = codimQ + n, and it satisfies (ac/uac). More- 
over, the following hold: 

(a) R is not of finite CM type. 

(b) If Q is not c.i., then R is not c.i. and R is not Golod. 

(c) If Q has infinite residue field and one has Si ^ A for some i £ {1, . . . ,n}, then 
the inequality e(i?) > codim i? + 3 holds. 
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Proof. Clearly, R is Cohen-Macaulay with codimi? = codimQ + n, and it is im- 
mediate from Theorem 12.31 and Corollary 12.41 that R satisfies (ac/uac). 

(a) : Let q be the maximal ideal in Q. The image of Yi in R(^^Yi,...,y„) is a zero- 
divisor, so R is not an isolated singularity; in particular, R is not of finite CM type; 
see Huneke and Leuschke [15l cor. 2]. 

(b) : Assume that Q is not c.i. By [H (5.10)] the ring R is not c.i. As Q is 
singular, one has codimi? = codimQ + n ^ 2. The i?-module R/ (Yi) has constant 
Betti numbers equal to 1. It follows from [3, thm. 5.3.3.(5)] that R is not Golod. 

(c) : Let a be a minimal reduction of the maximal ideal q in Q. It is elementary 
to verify that b — {a,Xi, . . . , Xd) is a reduction of m = (q, Xi, . . . , Xd, Yi, . . . , !"„), 
the maximal ideal in R. Assume that Q/q is infinite. It follows that o is minimally 
generated by dim Q elements and, therefore, b is generated by dim Q + d = dimi? 
elements. Hence, b is a minimal reduction of m; see Swanson and Huncke [16] 
prop. 8.3.7 and cor. 8.3.5.(1)]. As R is Cohen-Macaulay, [113 prop. 11.2.2] yields 
e(i?) = length i?/b. If one has Si ^ 4 for some i, then (m/b)^ is non-zero, whence 

length i?/b > edim R/b + 3^ edim R - dim i? + 3 = codim R + 3. □ 

We thank Louiza Fouli for clarifying for us the basics of multiplicities that are 
used in the proof of part (c) above. 

All assumptions on Q in Proposition 13 . 1 1 are satisfied by the ring in Example l3.2| 
thus for all choices oi d,n ^ 1 and Si ^ 2 the resulting ring R in 13.11 is not among 
the rings on the list [TUl, A.l] nor is it of finite CM type. 

3.2 Example. Let fc be a field of characteristic and consider the local fc-algebra 

Q = k[U, V, W]/{U^ - V^,V^ - W^, UV, VW). 

It has radical cube zero and edimQ ~ 3, so it satisfies (UAC) by JX prop. 1.1.(3)]. 
Moreover, Q is not Gorenstein; in particular, it is not c.i. 

Through a result of Heitmann [13] , the construction in Proposition 13.11 also 
provides examples of unique factorization domains that satisfy (ac/uac). 

3.3 Observation. Let Q be a complete Cohen-Macaulay local ring that satisfies 
(ac/uac). Assume that Q is not c.i. and that no integer is a zero divisor in Q; the 
ring in 13.21 serves as an example. 

Let R be as in Proposition 13. II If Q is not artinian or d is at least 2, then R has 
depth at least 2. By [T31 thm. 8], there is a local unique factorization domain, D, 
with D = R. It follows from Theorem 12. 31 that D satisfies (ac/uac). Of course, R 
is also the completion of the ring Q [Xi , . . . , Xd , Yi , . . . , Y„] / (Y/^ , ■ • • , " ) localized 
at the irrelevant maximal ideal, but that ring is not a domain. 

4. Local homomorphisms 

Let (i?, m) and (5, n) be local rings, and let 1^9: i? — 5 be a local homomorphism, 
that is, a ring homomorphism with ip{xn) C n. The semicompletion of ip is its 
composite with the embedding 5 ^ 5'; it is written (f: i? — > 5*. The semicompletion 
of if admits a Cohen factorization; that is, there exist local homomorphisms 

R ^ > R! — ^ — > 5, 

such that 1^ = where ip is fiat with regular closed fiber R/mR' ^ the ring R' is 
complete, and ip' is surjective; see Avramov, Foxby, and Herzog (T] thm. (1.1)]. If 
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if is of finite flat dimension — that is, S has finite flat dimension as an i?-module 
via (p — then the surjection Lp' is of finite projective dimension; see [71 (3.3)]. 

A Gorenstein local ring satisfies (ac) if and only if it satisfies (UAC); following 
[l4] such a ring is called an AB ring. The (ac) and (uAC) properties descend along 
local homomorphisms of finite fiat dimension: 

4.1 Theorem. Let tp: R S he a local homomorphism of finite fiat dimension. 

(a) If S is Cohen-Macaulay and satisfies (ac/uac), tlien R is Cohen-Macaulay 
and satisfies (ac/uac). 

(b) If S is an AB ring, then R is an AB ring. 

Proof. Assume that S is Cohen-Macaulay and satisfies (ac/uac), then S has the 
same properties; see Theorem 12.31 Consider a Cohen factorization R ^ R' ^ S oi 
the semicompletion (p. By [7J (3.10)] the rings R' and R are Cohen-Macaulay. The 
ring R' is complete, hence it has a dualizing module, and by Lemma [2?2l it satisfies 
(ac/uac). Finally, R satisfies (ac/uac) by [TOl prop. 5.5]; this proves part (a). 
For part (b) it suffices to note that if S is Gorenstein, then R is Gorenstein; see 
Avramov and Foxby [5, thm. (2.4)]. □ 

The notation {R, m, k) specifies that k is the residue field of the local ring (i?, m). 

4.2 Lemma. Let tp: {R,m,k) {S,n,k) be a local homomorphism of complete 
k-algebras. If R is Cohen-Macaulay and satisfies (ac/uac), then (p has a Cohen 
factorization R ^ R' ^ S, where R' is Cohen-Macaulay and satisfies (ac/uac). 

Proof. Let yi, . . . , y„ be a generating set for n. As the field /c is a Cohen ring for S, 
in the sense of [71 (1.0.2)], the inclusion k ^ S extends by the assignment Yi i— )■ yi 
to a surjective homomorphism tt: kfYi, . . . , F„| -» S. Set R' — i?[[Yi, . . . , F„]], then 
R' is complete and a fiat local extension of R with regular closed fiber R' /mR' = 
A:[[Yi, . . . , K„]]. The homomorphism p> extends by the assignment Yi t-^ yi to a 
homomorphism R' — > S; it is surjective because tt is surjective. Thus, R ^ R' ^ S 
is a Cohen factorization of (p. If R is Cohen-Macaulay and satisfies (ac/uac), then 
R' has the same properties; see Theorem 12.31 □ 

Following 01 3.1], a local homomorphism p: R ^ S is called c.i., for complete 
intersection, if there is a Cohen factorization R ^ R' ^ S oi the semicompletion cp 
in which the kernel of the surjection i?' -» S* is generated by an i?'-regular sequence. 

Here is an ascent result for the (ac) and (uAC) properties: 

4.3 Theorem. Let p : {R, m, k) -> {S, n, k) be a c.i. local homomorphism of k- 
algebras. 

(a) If R is Cohen-Macaulay and satisfies (ac/uac), then S is Cohen-Macaulay 
and satisfies (ac/uac). 

(b) If R is an AB ring, then S is an AB ring. 

Proof. Assume that R is Cohen-Macaulay and satisfies (ac/uac), then R has the 
same properties; see Theorem 12.31 By Lemma 14. 2[ the semicompletion (p has a 
Cohen factorization i? ^ i?' — > 5, in which R' is Cohen-Macaulay and satisfies 
(ac/uac). As v3 is c.i., the kernel of the surjection i?' -» 5 is generated by an 
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i?'-regular sequence; see [5, (3.3)]. It follows from Corollary 12.41 that S is Cohen- 
Macaulay and satisfies (ac/uac) and, therefore, S is Cohen-Macaulay and satisfies 
(ac/uac); see Theorem 12.31 This proves part (a). 

For part (b), recall that c.i. homomorphisms are Gorenstein by [5, thm. (2.4)]. 
Thus, if R is Gorenstein, it then follows from [7, (3.11)] that S is Gorenstein. □ 
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